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Preface

Stochastic processes have been a central part of my mathematical career. I met Alan Krinik
in 1983, and the following year I took my first course in stochastic processes from him. At his
encouragement, I pursued graduate study in mathematics. In 1985, I went to the University of
California, Santa Barbara. There I met Joe Gani, whose beautiful lectures on applied stochastic
processes still influence me today. Much later, Joe and I collaborated and authored many articles.

In 1988, I attended the University of California, Riverside, where I studied under M. M. Rao
and completed my PhD. M. M. showed me the depth that mathematical abstraction can bring to
the broad solution of problems. Both Joe Gani and M. M. Rao shaped my mathematical life in
profound ways; Alan launched it, and throughout the years he has continued to believe in me.

Stochastic processes provide a language for systems that evolve under uncertainty. Probability
sits at the meeting point of several parts of mathematics, from analysis and algebra through com-
binatorics, statistics, and mathematical modeling. A deep study of stochastic processes eventually
requires measure theory, functional analysis, and more advanced probability than we develop in
this undergraduate-level text. The aim here is to be self-contained, to develop essential ideas
carefully, and to show how mathematics grows from questions arising in applications.

The book also moves in directions that are unusual for an undergraduate treatment. These
directions express my view of the topics while reflecting the direct influence of Alan Krinik, Joe
Gani, and M. M. Rao.

The text grew from lectures and courses given at Western Kentucky University, Cal Poly Pomona,
The Australian National University, and the Claremont Colleges. The book assumes a first
calculus-based course in probability and some comfort with elementary matrix calculations, but
it does not assume that the reader already knows the language of filtrations, stopping times,
generators, or stationary processes. Those ideas are introduced when they are needed, with re-
minders and supporting material in the appendices. The result can be used for a one-semester
course, a reading course, or independent study. The exercises begin with computation and move
toward proof, interpretation, and model construction; the appendix provides an answer, a hint,
or a solution for every exercise.

The dependency map on the following page shows the main route through the book. Solid arrows
indicate material that is used directly in a later chapter; dashed arrows indicate a useful enrichment
rather than a prerequisite. The map is a guide for instructors choosing a shorter route as well as
for readers working through the full text.

There is a personal history behind the book as well. Alan and I have been friends and colleagues for
more than four decades, and our paths have been intertwined in ways that extend well beyond that
first course. We share the same PhD advisor, M. M. Rao; we have published papers together and
edited volumes of research together. We have also supported one another through departmental
storms, changes in universities, and the ordinary uncertainties of academic life. I am grateful for
the mathematics we have shared, and even more grateful for the deep and enduring friendship.

Randall Swift
Pomona, California



A dependency map

The chapters are arranged in a principal sequence, but stochastic-process theory is not a single
chain of prerequisites. Chapter 1 supplies the common probability language. Finite chains and
first-step methods then lead to random walks and branching processes, while event-time models
lead to continuous-time Markov chains and population processes. Reliability, risk, and epidemic
models draw on several of these strands at once. The second-order and signal chapters take a
different analytical route, beginning with mean-square geometry rather than a state transition
rule.

1 2 3 4
- : .
Foundations Finite chains Walks and absorption g Branching
Y
5 . 0 . 7
. »| Continuous-time [ :
Poisson and renewal . Population processes
chains
—> T 4
. Second-order : e
Insurance risk Reliability Epidemics
processes .
:
1
Yy ! ----- _
‘. 1
Signal processing ! Random vignettes ,
Solid arrows: direct prerequisites Dashed arrows: useful enrichment

Figure 1: The chapter dependencies and the principal threads of the course.

The map should be read as a guide to emphasis rather than as a rigid requirement. For example,
Chapter 8 can be read after Chapters 3 and 6, while Chapter 11 can be entered directly from
Chapter 1 if the reader is comfortable with inner products and finite second moments. Chapter 13
is intentionally optional: its vignettes revisit ideas from several earlier chapters and point toward
further study.

vi
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Part 1

Discrete-Time Models



1

From Random Variables to Random Pro-
cesses

A stochastic process is a family of random variables that can be viewed from two
directions: fix a time to obtain a random variable, or fix an outcome to obtain a
sample path. This chapter develops those viewpoints and shows how a sequence of
conditional probabilities becomes a Markov model.

1.1 Probability review for process models

The later chapters use a small collection of probability ideas repeatedly. We begin here so that the
reader has a comfortable place to return whenever a conditioning or moment calculation needs to
be refreshed. Throughout, probabilities are assigned to events in a sample space §2, and random
variables are functions on that space.

We will use indicator functions in our work, specifically if A is a set or an event, its indicator
function is
1, if the relevant outcome belongs to A,
1p=14 =

0, otherwise.

Thus an indicator converts a yes—no condition into a random variable. For example, Y14 agrees
with Y on A and is zero outside A.

An event is said to occur almost surely if it has probability one. In other words, the outcomes for
which the event fails form a set of probability zero. “Almost surely” does not mean that there are
no exceptional outcomes; it means that those exceptions are invisible to probability calculations.
For example, saying that a chain reaches a state almost surely allows, in principle, a collection of
paths that never reach it, provided that collection has probability zero.

For events A and B with P(B) > 0, the conditional probability is

P(A|B):W

The multiplication rule and the law of total probability are the two most useful rearrangements:

P(ANB) =P(4| BIF(B),  P(4) = Y (4| B)P(By),
J

when Bi, Bs, ... partition the sample space. Bayes’ theorem reverses the conditioning:

_ P(A| By)P(By)
P8 | A) = = A BOP(BY)

2
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Example 1.1 (A positive test is not a diagnosis). Suppose 1% of a population has a condition, a
test is positive with probability .95 when the condition is present, and is positive with probability
.05 when it is absent. Then

(.95)(.01)
(.95)(.01) + (.05)(.99)
The calculation is a warning against replacing a conditional probability by its reverse. The

same distinction appears when interpreting transition rates, observed states, and posterior model
probabilities.

P(condition | positive) = ~ .161.

Two events are independent when
P(ANB) =P(A)P(B),

or, when P(B) > 0, when P(A | B) = P(A). Independence is stronger than having zero covariance
and is a modeling assumption about the joint law, not a consequence of two variables having the
same marginal distribution. Conditional independence is weaker and more local: events can be
independent after a state or latent variable is specified while being dependent after that variable
is averaged out.

Independence has consequences for expectations, for a discrete random variable Y, the expectation
and variance are defined as

E(Y)=) yP(Y =y), Va(Y)=E(Y - E(Y))?).

Linearity of expectation follows from the linearity of summation (or integration); however, linearity
of expectation does not require independence:

E(YY )| =Y EW).
j=1 j=1

Independence is needed for the familiar variance sum Var(3>; Y;) = >, Var(Yj); in general,

Var (zn: Yj) =Y Var(Y;) +2) _ Cov(Y;,Yy).
Jj=1 J

j<k
The covariance term is where temporal dependence enters many stochastic process calculations.

A random variable Y is called integrable when its absolute value has finite expectation, E(|Y]) < occ.
For a discrete variable this means 3_, [y| P(Y = y) < co. We will also say that a sequence or series
is summable when the corresponding sum of its terms is finite; for example, >, |ax| < oo means
that (ax) is absolutely summable. Integrability is the condition that makes the expectation and
the conditional mean below finite and therefore available for prediction.

Proposition 1.2 (Conditional expectation and total variance). For an integrable Y and a finite
partition By, ..., By, with positive probabilities,

E(Y) = SE(Y | B,)B(B)),
j=1

and, when Y has finite variance,

Var(Y) = E(Var(Y | B)) + Var(E(Y | B)).
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Proof. The first identity follows by writing ¥ = Y 3, 1p, and taking expectations. For the
second, let m(B) = E(Y | B). Add and subtract m(B) inside (Y — E(Y))2. The cross term has
conditional expectation zero, so averaging leaves the conditional variance plus the variance of the
conditional mean. O

Example 1.3 (A mixture of two workloads). Suppose a randomly selected day is light with
probability .7 and heavy with probability .3. The number of calls has conditional means 10 and
30, and conditional variances 10 and 25. Then

E(Y) = .7(10) + .3(30) = 16,

while
Var(Y) = .7(10) 4 .3(25) 4+ .7(10 — 16)? + .3(30 — 16)* = 98.5.

The variance is larger than the within-regime average because the regime means are themselves
variable.

In our work, several standard probability distributions will recur. A Bernoulli variable records
one success; the binomial variable counts successes in a fixed number of independent trials; the
geometric variable counts trials until the first success; and the Poisson variable counts events in a
time interval. Their means and variances are displayed below. The field guide by author provides
a compact reference for these and other standard distributions, including their properties and
connections [88].
Y |E(Y) | Var(Y)
Bernoulli(p) D p(1—p)
Binomial(n,p) | np | np(l —p)

Geometric(p) | 1/p | (1 —p)/p?
Poisson(\) A A

The geometric and exponential distributions are memoryless:
PY>s+t|Y >s)=PY >1t).
This single identity explains why geometric waiting times generate discrete Markov chains and

exponential holding times generate continuous-time Markov chains.

Probability generating functions are another useful tool when working with nonnegative integer-
valued variables:

Gy (s) = E(sY), 0<s<1.
Differentiating gives G4 (1) = E(Y') and GY-(1) = E(Y (Y — 1)), when the derivatives exist. Inde-
pendent sums multiply generating functions; this will be a useful tool when we study branching,
Poisson, and population models.

Extended exercise: Probability review

(a) Derive Bayes’ theorem from the multiplication rule and the law of total probability.

(b) A disease has prevalence .02, sensitivity .90, and false-positive rate .04. Compute the
probability of disease after a positive test and after a negative test.

(c) Let Y be 5 with probability .4 and 15 with probability .6. Find its mean and variance
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directly and using the total-variance identity.

(d) For dependent variables with covariance ¢, derive the variance of Y7 + Y5 and explain the
effect of positive versus negative dependence.

(e) Verify the means and variances in the table for Bernoulli, binomial, geometric, and
Poisson variables.

(f) Prove the memoryless property of the geometric distribution and explain why it supports
a Markov state description.

(g) Find the probability generating function of a binomial variable and use it to recover its
mean and variance.

(h) A population is light with probability .6 and heavy with probability .4. Conditional on
the regime, daily births are Poisson with means 8 and 20. Find the unconditional mean
and variance, and explain the extra variance.

The preceding calculations form the working probability language for the book. One optional
example shows that even independence can be constrained by the arithmetic of a finite sample
space.

Optional exploration: when is independence possible.

Independence is often introduced through product experiments: toss two coins, choose two cards,
or run two copies of a random mechanism, but a finite sample space can make that intuition
misleading. Sometimes the arithmetic of the probabilities rules out every pair of nontrivial inde-
pendent events. This is useful preparation for stochastic processes, because a process is determined
not by its one-time distributions but by the joint probabilities that connect different times.

Let X,, ={1,2,...,n} have the uniform probability

:‘ﬂ'

B(4) = &

We call this a dependent probability space when no two nonempty proper subsets are independent.
The terminology concerns events in one probability space; it does not mean that every pair of
random variables built on the space must be dependent.

Example 1.4 (A prime-sized space has no independent pair). Take X5 = {1,2,3,4,5}. If
nonempty proper subsets A and B were independent, then

AnB| _|4]]B]

AN B|=|A||B|.
==L 5140 Bl = |4]|B]

Because 5 is prime and 1 < |A|,|B| < 4, the right-hand side is not divisible by 5. Thus the

uniform space with five points is dependent, even though it contains many pairs of events with
positive and negative association.

This dependence structure disappears as soon as the number of points factors.

Example 1.5 (A product hidden in six equally likely outcomes). In Xg, let A = {1,2} and
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B ={1,2,3}. Then
P(A) =

P(ANB) = = = P(A)P(B).

D] LW

so the two events are independent. One can picture the six outcomes as the cells of a 2 x 3 array:
A selects one column and B selects one row. The same construction works whenever n = rs with
r,s > 1: identify the outcomes with pairs in {1,...,r} x {1,...,s} and use a row event and a
column event.

Theorem 1.6 (Uniform finite spaces and primality). The uniform probability space X,, contains a
pair of nonempty proper independent events if and only if n is composite.

Proof. If n = rs with r;s > 1, arrange the n outcomes in an r x s array. Let A be one column
and B one row. Then |A| =7, |[B|=s, and |ANB| =1, so
1 TS

B(ANB) = — = —— = P(A)B(B).

Conversely, suppose n is prime and A, B are nonempty proper subsets. The independence equation
gives

n|AN B| = |A||B|.

Since n divides the product |A||B|, primality forces n to divide |A| or |B|. Neither cardinality lies
between 1 and n — 1, so this is impossible. O

This theorem is elementary, but it has an important modeling lesson, a finite space may have the
same marginal probabilities as another space while allowing different joint events. In a process,
the corresponding question is whether the prescribed state space and transition rule leave room
for the conditional independences we want. If a state has hidden information, enlarging the state
can reveal conditional independence even when the observed process remains dependent. This is
the same state-design principle that will lead to Markov chains in the next section.

The finite uniform theorem is adapted from Edwards, Shiflett, and Shultz [22]. Their article
studies more general rational weights and shows how arithmetic structure can force dependence
even outside the uniform case. We use the finite theorem here as a self-contained example; the
general classification is a useful optional direction for further reading.

Extended exercise: Dependent probability spaces

1. Show directly that if A and B are independent, then each of the pairs (A°, B), (A, B°),
and (A€, B€) is independent.

2. Find two independent nonempty proper events in the uniform space Xi3, and display
them in a rectangular array of outcomes.

3. Prove that X7 is dependent without invoking the theorem; use only cardinalities and the
independence equation.

4. In X, construct independent events with probabilities 1/2 and 1/5. Explain why their
intersection has probability 1/10.
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5. Give an example of two dependent events with the same marginal probabilities as an
independent pair. Compute the three relevant probabilities and identify the source of
dependence.

6. Let H be a fair bit. Given H = 0, let U,V be independent fair bits; given H = 1, let
U =V be fair. Find P(U = V) and P(U =1,V =1). Are U and V independent? Are
they conditionally independent given H?

7. Advanced. Let n = rs and identify X, with an r X s array. Describe all events formed
by choosing a fixed collection of rows and a fixed collection of columns, and determine
when a row event and a column event are independent.

1.2 Processes, time, and state

In elementary probability, a random variable is a function X :  — R. It assigns a numerical
value to each outcome in a sample space. A stochastic process adds an index—usually time—and
therefore allows the random quantity itself to evolve.

Definition 1.7 (Stochastic process). Let T be an index set and S a state space. A stochastic
process is a collection

{XtItGT},

where every X; : 0 — S is a random variable on the same probability space. Equivalently, the
process isamap X : T x 2 — S.

The notation also separates two ideas that will be used repeatedly. A sequence is independent
when observations from different times are independent; it is identically distributed when every
observation has the same distribution. The abbreviation i.i.d. means both properties. Indepen-
dence describes how times fit together, whereas identical distribution describes what is seen at
each time.

The words random process and stochastic process are interchangeable. The notation contains two
complementary objects:

o For fixed ¢, the map w — X;(w) is a random variable and has a probability distribution.

o For fixed w, the map ¢ — X;(w) is a deterministic function called a sample path or realization.

Xt(W)

A
A

Figure 1.1: A sample path turns the random process into a function of time.

> time ¢

one realized path
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Time and state spaces.

Both the time set T and the state space S may be discrete or continuous. This gives four broad

settings.
Table 1.1: Four basic types of stochastic process.
Time State space Typical notation Example
Discrete Discrete Xo, X1, ... repeated coin tosses; population by generation
Discrete Continuous X, X1, ... rainfall measured each day
Continuous Discrete X(t), t>0 arrivals by time ¢; queue length
Continuous  Continuous X (¢), t >0 a noisy signal or asset price

This classification describes the coordinates, not the dependence. Two processes can have the
same one-time distributions and very different sample paths. What distinguishes a process is the
way its random variables fit together.

Definition 1.8 (Finite-dimensional distributions). For times ¢; < --- < t, the joint law of
(Xtyy--s Xpy)

is a finite-dimensional distribution of the process.

The one-dimensional distribution of X; tells us what may happen at time ¢. The joint distribution
tells us how values at different times depend on one another. That dependence is at the heart of
stochastic-process theory.

Example 1.9 (The same marginals, different processes). Let Y ~ Bernoulli(p). The sequence
X1, Xs,... may be ii.d. Bernoulli(p), or we may set Z, = Y for every n. In both cases each
single observation has the same Bernoulli distribution. In the first case the observations give new
information at every time; in the second, one observation reveals the entire path. A stochastic
process therefore requires joint distributions, not only one-time distributions.

A first process: Bernoulli trials.
Suppose a fair coin is tossed three times and define

)1, the kth toss is heads,
e 0, the kth toss is tails.

Then {X1, Xs, X3} is a discrete-time, discrete-state process. The familiar binomial random vari-
able is recovered by aggregation:
N3 :X1+X2+X3.

More generally, N,, = > 7'_; X} counts successes by time n. The sequence {Xj} records local
outcomes; { N, } records their accumulated effect. These are different processes constructed from
the same experiment.

A process is more than a list of marginal distributions. It includes the temporal relationship
among the variables. Independence is one relationship; the Markov property will be another.
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From a probability tree diagram to a state model.

Consider families in which a parent is classified as college educated C' or not college educated N.
Suppose
P(C | C) =0.85, P(N | N) =0.65,

where the condition refers to the parent’s classification and the event to the child’s classification.
If 30% of the parents are college educated, then

P(C for child) = (0.30)(0.85) + (0.70)(0.35) = 0.50.

.30

.70

Figure 1.2: The one-generation calculation as a probability tree.

If these conditional probabilities are assumed to remain the same from one generation to the next,
a single calculation becomes a process. Let X, € {C, N} denote the classification in generation n.
The essential modeling assumption is that, once X,, is known, earlier generations add no further
information about X, 1.

Definition 1.10 (Markov property). A discrete-time process {X,, : n > 0} on a countable state
space is a Markov chain if

lP)()(n—&-l :] | Xn = iaXn—l = in—la---,XO = i()) = P(Xn—H :] ’ Xn = 7/)

whenever the conditional probabilities are defined.

The property is often summarized by saying that the future depends on the present state, not on
the full past. This is not a claim that the real system has no memory. It says that the chosen
state contains all the information the model uses to predict one step ahead.

If the conditional probabilities in the definition do not depend on n, the chain is called time-
homogeneous. Time homogeneity is an additional assumption, not part of the Markov property
itself. It allows one transition matrix to describe every step and is the convention used in the
finite-chain chapters.
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Example 1.11 (A two-step memory model). Suppose a device records whether it is quiet or
busy, but the chance of tomorrow’s state depends on today’s state and yesterday’s state. The
pair process Y, = (X, 1, X,) has four states. A transition from (a,b) to (b, c) is possible, while
a transition to (d,c) with d # b is not. The enlarged state remembers exactly the information
needed for one-step prediction. This simple construction is called a state augmentation; it is often
the first repair when a proposed state is not Markov.

Modeling note

When the Markov property appears implausible, first ask whether the state has been defined
richly enough. A process that is not Markov in X,, may become Markov in an expanded state
such as (X, Xp—1).

1.3 State models, dependence, and prediction

For a time-homogeneous Markov chain, define
pij = P(Xn+1 =1 | X, = )

The value is independent of n. We use the column convention: the arrow leaves state j, enters
state 7, and the matrix entry is p;;. Thus columns sum to one.

.85 .65

.35

Figure 1.3: A redrawn state diagram for the intergenerational model.

With state order C, N, the transition matrix and initial distribution are
.85 .35 .30
P= [.15 .65] = [.70] '
Then p; = Ppo = (.50,.50)T. The next chapter develops this matrix viewpoint systematically.

1.3.1 Mean, covariance, and dependence across time

The distribution of each X; answers a one-time question, but a process also carries information
about how observations at different times move together. When the required moments exist, three
functions give a useful first description. For random variables U and V,

Cov(U,V) =E((U —EU))(V —E(V))).
Thus
r(s,t)

V(s s)r(t, 1)’
when the two variances are positive. They are called the mean function, covariance function, and

correlation function. These functions do not usually determine the full law of a process, but they
summarize level, variability, and temporal dependence.

m(t) = E(Xy), r(s,t) = Cov(Xs, Xy), p(s,t) =
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Example 1.12 (The Bernoulli counting process). Let X, Xo, ... be independent Bernoulli vari-
ables with success probability p, and set N, = > ;'_; Xj. Then

E(N,,) = np, Var(N,,) = np(1 — p).
If m < n, write N, = Ny, + (N, — Nyp,). The two terms on the right are independent, so
Cov(Np, Ny,) = Var(N,,) = mp(1 — p).

Consequently Cov(N,,, N,) = p(1 — p)min(m,n). Counts at distant times remain dependent
because they share all successes recorded up to the earlier time.

1.3.2 Conditional prediction, martingales, and stopping

The Markov property is a statement about conditional probabilities. A second basic language for
stochastic processes is conditional expectation. Conditional expectation lets us express the best
prediction based on the information available at a given time. We now describe that information
record before using the notation in the tower rule below.

An information record must satisfy one simple principle: if an event can be decided from the
record, then its complement can also be decided, and a countable collection of decisions can be
combined into one decision. This is the reason probability theory does not assign probabilities
to arbitrary collections of subsets of the sample space. It works with a collection that is stable
under the operations needed to describe events and to take limits.

Definition 1.13 (Sigma-field). Let € be a sample space. A collection F of subsets of § is a
sigma-field (or o-field) if

(i) Qe F;
(ii) A € F implies A® € F; and
(iii) if Ay, As,... € F, then U]oil Aj e F.

The members of F are the events whose probabilities and other conditional questions are available
in the model.

Example 1.14 (An information record from successive tosses). Let Q@ = {HH,HT,TH,TT}
describe two tosses of a coin. Write X for the first toss and X; for the second. Before either toss,
the available information is

Fo = {@ s Q}
After the first toss, the information has grown to

Fi={2,Q,{HH HT},{TH,TT}} = 0(X,),

because the first toss distinguishes the outcomes beginning with H from those beginning with 7T,
but it does not distinguish the second tosses. After both tosses every outcome is distinguishable,
and hence
]:2 = 2Q = O'(Xo,Xl).

Thus Fy C F1 C Fa: each stage reveals more information without revealing the future in advance.
The event { Xy = H} belongs to F, whereas {X; = H} does not. This finite example is the basic
pattern for a filtration: it records what can be known at each stage and therefore determines what
conditional predictions are legitimate.
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The word “sigma” records closure under countably many operations. From the definition, @ € F,
countable intersections belong to F, and differences such as A\ B = AN B¢ belong to F. On
a finite sample space one may take the full power set 22, but in an infinite model the chosen
sigma-field expresses which events are observable or measurable. At the other extreme, {@,Q}
contains no information beyond certainty and impossibility.

For a random variable X, the notation o(X) means the smallest sigma-field that makes X ob-
servable: it contains events such as {X € B} for the relevant sets B, together with every event
forced by the three closure rules. Thus o(Xy, ..., X,) records exactly the information supplied
by the observations through time n. This is the bridge from a list of random variables to an
information-based description of a process.

Here F,, is best understood as the information record available after the first n steps have been
observed. More formally, a filtration is a sequence of sigma-fields

FoCF CFC--,

where F,, contains the events whose occurrence can be decided from the information available
through time n. The natural filtration of a process is F.X = (X, ..., X,). In applications the
filtration may also contain external observations. The record grows with time because a new
observation adds information without erasing the old information.

The inclusion F,, C Fp41 is more than notation. It says that observing one more step may reveal
new events, but it cannot make an event that was already knowable become unknowable. Condi-
tional expectation with respect to J,, is therefore a prediction based on precisely the information
available at that stage. This is the interpretation that will make the martingale condition in
Definition 1.14 a statement about fair prediction rather than just an equation involving symbols.

.7:() - .7:1 - fz - ]:3

information accumulates

Figure 1.4: A filtration records the information available as observations accumulate.

Thus conditioning on JF,, means making the best prediction possible from everything known at
time n.

E(E(Z | Fn) | Fin) = E(Z | Fin), m < n.
Forecasting in two stages is therefore the same as forecasting directly from the coarser information.
E(Z) =E(E(Z | Fn)), Var(Z) = E(Var(Z | F,)) + Var(E(Z | Fy)).-

These identities separate randomness within a conditional case from variation between conditional
means. They will explain why compound totals can be more variable than their conditional means
suggest.

1.3.3 A deeper look at conditional prediction

Conditional expectation is more than a computational device. It is the best mean-square predic-
tion based on the information available. If G contains the information currently known, then for
every square-integrable random variable Y and every square-integrable, G-measurable Z,

E[(Y - E(Y | §))Z] = 0. (1.1)
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Indeed, the pull-out property and the defining property of conditional expectation give
E[YZ] =E[E(YZ | G)] =E[ZE(Y | G)].

Taking Z = 1 gives the mean-preserving identity E(E(Y | G)) = E(Y), and taking Z = E(Y |
G) — E(Y) gives the variance decomposition

Var(Y) = E(Var(Y | G)) + Var(E(Y | G)).

Thus the conditional mean removes exactly the predictable component and leaves a residual
orthogonal to every prediction formed from the available data.

Example 1.15 (A two-stage population forecast). Let G record the environmental condition
before the recruits are observed. We use two possible conditions:

condition | P(condition) | E(Y | condition) | Var(Y | condition)
favorable habitat 1/3 18 12
unfavorable habitat 2/3 6 8

Here Y is the number of recruits in the next period. The four numbers in the last two columns
are model inputs: 18 and 6 are the two conditional forecast means, while 12 and 8 describe the
remaining within-environment variation around those means. They are not calculated from an
earlier equation; they represent information supplied by observation or by a chosen model. The
probability 2/3 is the complement of the stated favorable-habitat probability.

The unconditional mean is obtained by averaging the two conditional means with their environ-

mental probabilities:
1 2
S(18) + 2 (6)

For the variance, the conditional-variance identity separates two sources of uncertainty:

E(Y)

1 2 1 2 124
Var(Y) = 5(12) + 2(8) +5(18— 10)% + 36— 10)2 = -~ 4133,

variation within environments variation between environments

The first contribution is the average of the two conditional variances. The second contribution is
the uncertainty created by not knowing which environment will occur: the conditional means 18
and 6 lie on opposite sides of the overall mean 10. If we replaced the two environments by their
average before observing G, this between-environment contribution would be lost.

Extended exercise: Conditional prediction

1. Prove (1.1) for bounded Z, then extend the result to square-integrable Z by approxima-
tion.

2. In the population example, calculate the mean-square error of the unconditional predictor
and of the conditional predictor.

3. Explain why the martingale difference X, +1 — E(X,,+1 | F,) is orthogonal to every
JFn-measurable square-integrable variable.




14 Stochastic Processes

Definition 1.16 (Martingale). Let F,, denote everything known from observing the process
through time n, with the records increasing as time advances. An integrable process M, is a
martingale if

E(MnJrl | —Fn) =M,

for every n. In words, after all information through time n has been used, the best prediction of
the next value is the present value. A process is a submartingale if the left side is at least M,
and a supermartingale if it is at most M,,.

The simple symmetric random walk S,, = >"}'_; X}, with independent steps X} € {—1, 1} having
mean zero, is a martingale. The next step has conditional mean zero, so E(Sp4+1 | Fn) = Sh.
The compensated Poisson process N(t) — At is the continuous-time analogue: subtracting the
predictable mean removes the drift.

Definition 1.17 (Stopping time). Let (F,) be the information available through time n. A
nonnegative integer-valued random variable T is a stopping time if the event {T" < n} belongs to
Fn, for every n.

Thus, by time n, one can decide whether stopping has already occurred without looking into the
future. First-passage and absorption times are the main examples.

For a process X,,, the stopped process is written X, o7, where the symbol A means “the smaller
of”: a A'b = min(a,b). Thus n AT = min(n,T). Stopping a process does not mean that the
process has been observed for a deterministic number of steps. It means that the number of steps
is itself determined by the observed path.

/\/\/\}“\/h e
1
1
1
1

> time
T

Figure 1.5: A stopping time is determined by information available up to the stopping time.

Theorem 1.18 (Bounded optional stopping). If (M,,F,) is a martingale and T is a bounded
stopping time, then
E(Mr) = E(My).

The same conclusion holds for suitable unbounded stopping times when the stopped family is uni-
formly integrable; boundedness is the form used first here.

Martingales identify quantities whose expected value is preserved while information accumulates.
If S, is a fair walk and T is a stopping time satisfying a standard optional-stopping condition (for
example, T is bounded), then

E(57) = E(So).

This optional-stopping identity is not automatic for every unbounded stopping time; boundedness,
integrability, or a suitable uniform-integrability condition is part of the theorem.

Example 1.19 (A fair-game accounting identity). Suppose a fair walk starts at ¢ and stops when
it reaches either 0 or N. The hitting time is not bounded by a fixed deterministic number, but
it is finite almost surely for this finite absorbing walk, and Spa, is bounded between 0 and N.
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Applying optional stopping to T'An and then using bounded convergence gives E(S7) = E(Sp) = 1.
If p; is the probability of reaching N, then

. 1

i = E(ST) = Np;i, pi:N-

The same hitting probability will later be obtained from a first-step difference equation. One
method uses conditional expectation; the other uses local balance.

1.4 Stationarity, increments, and standard process types

A process is strictly stationary if shifting every observation time by the same amount leaves every
finite-dimensional distribution unchanged. In discrete time,

d
(thv s 7th) = (Xt1+h7 ce 7th+h)

whenever all indices are valid. A process is second-order stationary if its mean is constant and its
covariance depends only on the lag:

E(X:) = p, Cov(Xs, X¢) = v(t — s).

Strict stationarity implies second-order stationarity when second moments exist, but the converse
need not hold.

A Markov chain is not automatically stationary. The Markov property describes conditional
dependence; stationarity describes invariance under shifts in time. A time-homogeneous chain
becomes stationary when its initial distribution is stationary. Starting from another distribution
usually produces a nonstationary process even though the same transition matrix is used at every
step.

A point of care

Time-homogeneous, stationary, and stationary-increment are three different descriptions.
Time-homogeneous concerns the transition rule, stationary concerns the joint law of levels,
and stationary increments concerns the law of changes.

1.4.1 Increments and standard process types

For s < t, the difference X;— X is the increment over (s,t]. A process has independent increments
when increments over disjoint time intervals are independent. It has stationary increments when
the distribution of X 1, — X, depends on the length A, but not on the starting time s. These
two properties describe changes, not levels, and neither should be confused with stationarity of
the process itself.

A counting process {N(t) : t > 0} has integer-valued, nondecreasing paths, starts at zero, and
records how many events have occurred. A partial-sum process has the form

Shn=Y1+---4+Y,.

Random walks, cumulative demand, aggregate claims, and renewal arrival times all arise from
this construction. The same underlying variables may therefore be viewed locally as increments
or globally through their accumulated sum.
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Example 1.20 (A daily count and its path). Let IV,, be the number of service calls received by day
n, and let Y,, = N, — N,_1. The process N,, is nondecreasing, while the increment path Y,, need
not be. If the Y;, are independent with mean f, then E(N,,) = ny and Var(N,,) = n Var(Y;). The
level path displays accumulation; the increment path displays the local workload. This distinction
is useful whenever a model records both a stock and the flow that changes it.

Modeling note

Before choosing a model, identify the observed object. Is it a state, a count, a waiting time, or
a cumulative total? Then ask which features are plausible: Markov dependence, independent
increments, stationary increments, or none of these. Similar-looking sample paths can arise
from very different assumptions.

1.5 Three threads through the course

The later chapters are organized around three questions that recur in different settings. First,
how does an object move through a state space? Second, what clock records the events? Third,
what is accumulated before the observation ends? Keeping these questions visible makes it easier
to recognize when two apparently different models use the same mathematics.

[movement / state} > event clock ={accumulated reward}

) same event logic
Poisson, renewal

same state model

Figure 1.6: Three recurring questions organize the examples that follow.

The movement thread.

The intergenerational education chain in this chapter becomes a finite chain with a stationary
distribution in Chapter 2. A random walk in Chapter 3 uses the same transition idea, but its
geometry makes first-passage probabilities and electrical potentials visible. The squirrel, hermit-
crab, clinical, and bonus—malus examples return to the same state-space question: what must be
remembered for one-step prediction to be valid?

The clock thread.

The Bernoulli counting process records events one trial at a time. Chapter 5 replaces the determin-
istic trial clock by Poisson and renewal clocks. Chapter 6 then attaches exponentially distributed
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holding times to state changes. Queues, population processes, epidemics, and reliability models
differ in interpretation but share the mechanism “an event occurs, the state changes, and a new
clock starts.”

The accumulation thread.

Partial sums lead to random-walk areas, occupation times, queueing costs, population exposure,
and aggregate insurance losses. In each case the useful quantity is not only the state at the final
time. It is a sum of rewards along the path. The reward vector in an absorbing chain, the area
under a walk, and the compound-claim total are three versions of one construction.

Example 1.21 (One state, three interpretations). Let X,, be a nonnegative integer-valued state
with transitions to nearby states. If X,, counts occupied territories, a downward move may mean
a vacancy and an upward move a colonization. If it counts customers, the same moves are
departures and arrivals. If it counts infected individuals, they are recoveries and new infections.
The transition probabilities are not justified by the notation alone: each interpretation requires
its own mechanism and time scale. Once the state and mechanism have been chosen, however,
the same first-step, stationary, and reward calculations can be reused.

Two running examples

Two models will return in several forms. A repairable component begins as a two-state model
of working and failed status, becomes a continuous-time chain when failure and repair receive
rates, and becomes a reliability model when we distinguish mission survival from long-run
availability. An infection count begins as a discrete state process, becomes a branching ap-
proximation when the population is small, becomes a finite epidemic chain when susceptibles
are limited, and becomes a compartment model when deterministic population curves are
useful. In each return, the state, clock, and accumulated quantity are made explicit again;
the same notation is never allowed to hide a change in mechanism.

Extended exercise: Following a model through the book

(a) Choose one of the squirrel, queue, or epidemic models and state exactly what its state
records and what it deliberately forgets.

G

Identify its movement rule, event clock, and accumulated quantity.
(c) Give one observation that would contradict the proposed Markov state.

(d) Describe how the model would change if the observation ended at a first-passage or
absorption time rather than at a fixed time.

Optional exploration: independent signs and random series.

In his wonderful classic text, Kac begins with a deliberately simple model: an infinite sequence
of independent fair signs. The model is useful here not because we need a specialized theory
of random series, but because one object can be read in three familiar ways. Its partial sums
form a random walk, its weighted partial sums form a process with changing fluctuation size,
and its successive signs provide a particularly transparent example of independence. We keep the
discussion at that level and use it to preview two tools that will recur later.
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Let €1,e9,... be independent random variables with
1
]P’(Ek = 1) = P(é‘k = —1) = 5
For a finite list of signs,
]P)(ﬁl 261,...,€n:€n) :2—TL7 €L S {_]-a]-} (12)

An event that fixes finitely many coordinates is called a cylinder event. Its probability is obtained
by multiplying the probabilities of the specified signs. This finite calculation is the foundation for
the infinite sign model; one does not need to manipulate an infinite product in order to calculate
any particular finite-time probability.

Example 1.22 (One sequence, three readings). Set S, = e; + - -- + &5,. Then (S,,) is the simple
symmetric random walk. If deterministic coefficients a; are inserted, the weighted partial sums

n
Ry =) agep
k=1

are again a process whose next increment has conditional mean zero. The second moment is
especially simple:

E(R?) = En: az. (1.3)
k=1

The cross terms vanish because distinct signs are independent and have mean zero. Thus the sum
of squares, rather than the sum of absolute values, measures the accumulated random fluctuation.

The word summable has two related uses in this setting. Absolute summability, > |ax| < oo,
guarantees convergence for every choice of signs. Square summability, >, a% < 00, is weaker, but
it guarantees that the random partial sums are Cauchy in mean square, since

E((Rn— Rm)*) = Y ai —0.
k=m+1

For independent signs, a deeper but standard result says that square summability is also exactly
the condition for almost-sure convergence:

o0 oo
Z agey, converges almost surely <= Z az < oo. (1.4)
k=1 k=1

The forward direction reflects the fact that persistent quadratic fluctuation prevents the partial
sums from settling; the reverse direction requires a maximal estimate for partial sums and is
beyond what is needed for the present introduction. The point for this chapter is the distinction
between a deterministic bound, which controls every sign pattern, and a probabilistic bound,
which controls almost every sign pattern.

Two elementary probability principles help explain the almost-sure language. The Borel-Cantelli
lemma says that if Ay, Ao, ... are events with

Z P(A,) < oo,
n=1
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then, with probability one, only finitely many of the events occur. In other words, a summable
sequence of failure probabilities cannot produce infinitely many failures. If the events are inde-
pendent, the converse also holds: divergence of the probability sum implies that infinitely many
occur with probability one. In more advanced arguments, the first direction is often used to turn
a sequence of estimates into an almost-sure conclusion.

The Paley—Zygmund inequality gives a complementary lower bound. If Y > 0, 0 < E(Y?) < oo,
and 0 < 6 < 1, then
L E(Y)?

E(Y?2)
It says that when the second moment is not too large compared with the square of the first
moment, a nonnegative random quantity has a definite chance of being genuinely positive. Borel—-
Cantelli controls repeated small-probability events from above, while Paley—Zygmund prevents
repeated fluctuations from becoming too rare. These ideas explain, at a conceptual level, why the
two directions of (1.4) require different arguments.

P(Y > 0E(Y)) > (1—6)

Example 1.23 (Two contrasting random series). For ar = 1/k, the series of absolute values
diverges, but >, a% = Y, k72 < 0o. The random-sign series therefore converges almost surely,
even though it does not converge absolutely for any choice of signs. For a; = 1/ Vk, the terms
tend to zero but >, a% = >, k7! = 00, and the criterion says that the weighted walk does not
converge almost surely. Small individual steps do not by themselves imply that the accumulated
fluctuation settles.

This is the modest lesson we retain from Kac’s example. Independence makes finite calculations
transparent, while the second moment records the scale of the unresolved randomness. The same
pattern reappears in martingales, counting processes, and signal-like sums later in the text [54].

Extended exercise: Independent signs and random series

1. Verify the cylinder probability in (1.2) for a specified pattern of five signs.
2. Derive (1.3) by expanding the square and evaluating the cross terms.

3. Show directly that absolute summability of (aj) implies convergence of Y, axey, for every
sign sequence.

4. For aj, = 1/k, compare absolute convergence with almost-sure convergence of the random-
sign series.

5. Use the Borel-Cantelli lemma to show that if P(A4,,) < 27", then only finitely many A,
occur almost surely.

6. Apply Paley—Zygmund with a convenient value of § to a nonnegative variable Y whose
first two moments are known.

7. Show that R, = > }_; axek is a martingale with respect to the sign history.

8. Recover the binomial distribution of the simple symmetric random walk at time n from
the cylinder probabilities.
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Stochastic Processes

Exercises

Computational practice

. For each process, identify whether time and state space are discrete or continuous: daily

temperature; the number of calls received by time t; the result of each roll of a die; the
distance traveled by a particle at time ¢.

. Let X3, Xs, ... be Bernoulli trials. Sketch two possible sample paths of N,, = > 7_; Xi. What

geometric property must every path have?

Give two processes with X, ~ Bernoulli(1/2) for every n, one with independent variables
and one with perfect dependence.

In the college model, compute the probabilities for the grandchild of a parent chosen from
the initial population.

. Show that the process X, = Xy for every n is a Markov chain, regardless of the distribution

of Xo.

A weather model has states dry and wet. Tomorrow is dry with probability 0.8 after a dry
day and 0.4 after a wet day. Draw its state diagram and write its column-stochastic transition
matrix.

Suppose tomorrow’s weather depends on the weather during each of the preceding two days.
Construct a four-state description that makes the process Markov.

Interpretation

8.

10.

11.

12.

13.

14.

15.

Explain why the sentence “the future is independent of the past” is an incomplete description
of the Markov property.

For the Bernoulli counting process, find Corr(N,,, N,,) when m < n.

Give an example of a process with stationary increments whose level distribution changes
with time.

Let S, = Y| + --- + Y, where the Y; are independent with mean y and variance o2. Find
E(S,), Var(Sy), and Cov(Sy,, Sy).

Decide which of the following are necessarily counting processes: cumulative customer arrivals,
the number in a queue, cumulative machine failures, and daily rainfall totals. Explain each
answer.

Give a time-homogeneous Markov chain that is not stationary, and state an initial distribution
that makes it stationary.

Determine whether the Bernoulli counting process IV, is stationary, has stationary increments,
or has independent increments.

Verify directly that a centered sum of independent mean-zero increments is a martingale.
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Synthesis

16

17.

18.

19.

20.

21.

22.

23.

24.

Show that N(t) — At has conditional mean-zero increments.

Use bounded optional stopping for a fair walk between 0 and N to derive the probability of
hitting N first.

Explain why an optional-stopping argument requires a condition such as bounded stopping
time or uniform integrability.

Build the four-state pair chain for a binary process whose next-state probability depends on
the preceding two observations.

For independent increments with means mj and variances v, derive the mean and covariance
of the partial-sum process.

Give a process with stationary increments that is neither Markov nor stationary, and justify
both claims from its finite-dimensional distributions.

Prove the total-variance identity by conditioning on a finite partition, then explain how it
separates within-group variability from between-group variability in a population model.

Let F,, = 0(Xo,...,X,) for a simple random walk. Describe what events belong to F5 and
explain why the event {T" < 2} belongs to F2 when T is the first time the walk reaches either
—lor 1.

Decide whether each of the following is a stopping time for a simple random walk: the first
time the walk reaches 3; the last time it visits 0 before time 10; the first time it reaches its
running maximum plus 2. Justify each answer.

Chapter summary

A process may be read across outcomes at a fixed time or along time for a fixed outcome. Its
joint distributions describe temporal dependence; its mean and covariance functions summa-
rize part of that structure. Counts, increments, and partial sums provide standard process
constructions. A Markov chain is obtained when the present state contains the information
used to predict the next state. Throughout the discrete-time chapters, p;; denotes motion
from j to , so transition matrices are column-stochastic.
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